Let X be any partially ordered set, R any commutative ring, and T = I * (X,R) the weak incidence algebra of X over R. Let Z be a finite nonempty subset of X, L(Z) = {x ∈ X : x z for some z ∈ Z}, and M = Te Z . Various chain conditions on M are investigated. The results so proved are used to construct some classes of right perfect rings that are not left perfect.
Introduction
Let R be a commutative ring and X a partially ordered set. Let T = I * (X,R) be the set of all functions f : X × X → R such that f (x, y) = 0, whenever x y, and {(x, y) : f (x, y) = 0 and x < y} is finite. Then T is an R-algebra under the operations defined as follows. For any f ,g ∈ T, x, y ∈ X, and r ∈ R, ( f + g)(x, y) = f (x, y) + g(x, y), f g(x, y) = A partially ordered set X is said to satisfy strong dcc if it does not contain an infinite sequence x 1 ,x 2 ,...,x n ,... such that x j x i whenever i < j. Let Z be a finite nonempty subset of X and M = Te Z = x∈Z Te xx . Now T M is artinian if and only if Te xx is artinian for every x ∈ Z. A finite union of subsets of X satisfies strong dcc if and only if each of the subsets satisfies strong dcc. Suppose M is artinian. Then R is artinian. Suppose L(Z) does not satisfy strong dcc. Then there exists an x 0 ∈ Z such that L(x 0 ) does not satisfy strong dcc. Therefore there exists an infinite sequence in L(x 0 ) : x 1 ,x 2 ,...,x n ,... such that x j x i whenever i < j. For any n ≥ 1, let N n = k≥n Te xkx0 . Then N n+1 ⊂ N n ⊆ M, which contradicts the assumption that M is artinian. Hence L(Z) satisfies strong dcc. We now discuss the converse of this result. Henceforth we assume that R is artinian and L(Z) satisfies strong dcc. Suppose M is not artinian. Without loss of generality we take Z = {x 0 x , which is a contradiction.
(
y , which is a contradiction.
Let S be the set of all A 
x , hence x = y, which is a contradiction. Hence j < i. Proof. For any A ∈ S, the set S A of all those B ∈ S which are minimal with respect to A < B is finite by Lemma 3.3. Also the set Y 1 of minimal members of S is finite. After this by using the fact that R has finite composition length, we get S is finite. . Let Z A be the set of those x ∈ X for which A admits the positive integer k (x,A) . Suppose there is no upper bound on k (x,A) as x ranges over Z A . So there exists an infinite sequence: x 1 ,x 2 ,...,x n ,... in Z A such that k (xi,A) > k (xj ,A) whenever i > j. Then x i x j whenever i < j. This contradicts the assumption that L(x 0 ) satisfies strong dcc. Hence there exists a positive integer k A such that k (x,A) < k A for every x ∈ Z A . As S is finite, we can find a positive integer u such that for
. This proves that N k = N k+1 , which is also a contradiction. Hence M is artinian.
Remark 3.6. Let X be a partially ordered set satisfying strong dcc, and R an artinian commutative ring. It follows from the above theorem that for T = I * (X,R), any finitely generated left ideal contained in A = x∈X Te xx satisfies dcc. As the ideal K * (X,R) = { f ∈ T : f (x,x) = 0 for every x ∈ X} ⊆ A, and it is nil, K * (X,R) is right T-nilpotent. However this ideal need not be left T-nilpotent. For example, let N be the set of natural numbers with usual ordering. Then for any field F, K * (N,F) is not left T-nilpotent.
Partially ordered sets
We now prove some results that can help in constructing partially ordered sets satisfying strong dcc.
Proposition 4.1. A partially ordered set X satisfies strong dcc if and only if it satisfies dcc
and it has no infinite antichain.
Proof. If X satisfies strong dcc, obviously it cannot have an infinite antichain. Conversely, let X satisfy strong dcc and have no infinite antichain. Suppose there exists an infinite sequence {x i } in X such that x j x i whenever i < j. These x i are distinct. Let A be the set of these x i and S the set of minimal members of A. Then S is a finite nonempty set. So there exists an x i ∈ S such that x i < x j for infinitely many values of j. As a consequence, we can find a k > i such that x i < x k , which is a contradiction. Hence X satisfies strong dcc. Proof. That Z satisfies dcc is obvious. Suppose Z has an infinite antichain S. Let A 1 and A 2 be sets of X-components and Y -components respectively of the members of S. As Y does not contain an infinite antichain, for any fixed x ∈ A 1 , there are only finitely many y ∈ A 2 such that (x, y) ∈ S. Also, the number of minimal members of A 1 is finite. So there exists a minimal member
If (x, y) ∈ T 1 , then either y < y 1 or y and y 1 are noncomparable. Thus T 1 satisfies one of the following conditions. (i) There are infinitely many (x, y) ∈ T 1 such that y < y 1 .
(ii) There are infinitely many (x, y) ∈ T 1 such that y and y 1 are noncomparable. Suppose (i) is satisfied. Then S 1 = {(x, y) ∈ T 1 : y < y 1 } is infinite. As for S, we can find an (x 2 , y 2 ) ∈ S 1 such that T 2 = {(x, y) ∈ S 1 : x 2 < x} is infinite. Now y 2 < y 1 . Suppose T 2 also satisfies (i), that gives rise to a subset S 2 analogous to S 1 . Continue the process, and this gives a descending chain in Y . As Y satisfies dcc, this process must end after a finite number of steps. Thus we get a subset V 1 of S 1 and an element (u 1 ,v 1 ) ∈ V 1 such that V 2 = {(x, y) ∈ V : u 1 < x, y and v 1 are not comparable} is infinite. Thus for any infinite antichain S in Z, there exists a (u,v) ∈ S, such that T = {(x, y) ∈ S : u < x, y is not comparable with v} is infinite, so T satisfies (ii). Suppose for some n ≥ 2, we have constructed infinite sets
, v i and y are noncomparable}. Now V n has an element (u n ,v n ) such that V n+1 = {(x, y) ∈ V n : u n < x, v n and y are noncomparable} is infinite. This inductive process gives an infinite set
is an infinite antichain in Y . This is a contradiction. Hence Z satisfies strong dcc.
Example 4.3. For any finite collection of well-ordered sets, their direct product as defined in the above theorem satisfies strong dcc.
Definition 4.4. Let X be a partially ordered set satisfying dcc. For any nonnegative integer, define s i (X) as follows. Firstly, s 0 (X) is the set of all minimal elements in X. For any i ≥ 0, an x ∈ s i+1 (X), if it is minimal with respect to the property that for some y ∈ s i (X), y < x.
Lemma 4.5. Let X be any partially ordered set satisfying dcc.
Proof. (i) is immediate from the definition and Proposition 4.1.
(ii) follows by using induction on i. 
Lemma 4.7. Let X be any partially ordered set satisfying strong dcc. Remark 4.8. Let X be a partially ordered set satisfying strong dcc. If X is infinite, then each s i (X) is nonempty and B 1 (X) is countably infinite. So, the given ordering on B 1 (X) can be extended to a linear ordering such that B 1 (X) becomes isomorphic to the set of natural numbers. Now extend the ordering on X as follows. Let x, y ∈ X. If x ∈ B α (X) and y ∈ B β (X) such that α < β and y / ∈ B α (X), then set x < y. For any ordinal α, extend the ordering on B 1 (X)\B α (X), such that it embeds in the set of natural numbers. This makes X a linearly ordered set satisfying dcc. The order on any partially ordered set can be extended to a linear order, [ 
Noetherian modules
Let X be a partially ordered set. X is said to satisfy strong acc if it does not contain an infinite sequence x 1 ,x 2 ,...,x n ,... such that x j x i whenever j > i.
As in Section 3, we consider M = Te Z , where Z is a finite nonempty subset of X. If T M is Noetherian, it follows on similar lines as in Section 3 that R is Noetherian and L(Z) satisfies strong acc.
To prove the converse of the above remark, throughout we take R to be Noetherian, Z = {x 0 }, and x 0 ∈ X such that L(x 0 ) satisfies strong acc. Let N be a submodule of M. For each x ∈ L(x 0 ), set A x = {a ∈ R : ae xx0 ∈ N}. Each A x is an ideal of R and 
, and N n+1 = x∈Vn TA x e xx0 . The above three conditions are obviously satisfied by N 1 . Suppose they are satisfied by N n for some n. Suppose y ∈ Z n+1 and x ∈ X such that x < y.
, by (ii) there exists z ∈ V n ⊆ V n+1 such that y ≤ z and A y = A z . Hence N n+1 = x∈L(Vn+1) A x e xx0 . Thus N n+1 satisfies (i), (ii), and (iii). For each i for which Z i is non-empty, fix an
As V n is finite, each A x is finitely generated as an R-module, and N = x∈Vn TA x e xx0 , it follows that N is a finitely generated T-module. Hence M is Noetherian.
Remark 5.3. Let X be the dual of a partially ordered set X. For any commutative ring R, set T = I * (X ,R) and T = I * (X,R). These two algebras are naturally anti-isomorphic. Let Z be a finite nonempty subset of X, M = e Z T, and U(Z) = {x ∈ X : x ≥ z for some z ∈ Z}. By using the anti-isomorphism between T and T and Theorems 3.5 and 5.2, we get the following results:
i) M T is artinian if and only if R is artinian and U(Z) satisfies strong acc; (ii) M T is Noetherian if and only if R is Noetherian and U(Z) satisfies strong dcc.
Remark 5.4. Let X be a locally finite partially ordered set, and T = I(X,R) the incidence algebra of X over a commutative ring R. Suppose R is artinian and for some x 0 ∈ X, L(x 0 ) satisfies strong dcc. As L(x 0 ) has finitely many minimal elements, L(x 0 ) is a finite set, so M = Te x0x0 , being a finite direct sum of copies of R, is trivially an artininian left T-module. Hence M is an artinian left T-module if and only if R is artinian and L(x 0 ) satisfies strong dcc. Now suppose R is Noetherian, L(x 0 ) satisfies strong acc, and N is a T-submodule of M. As in the proof of Theorem 5.2, we have Y 1 and Z 1 = Z(Y 1 ). Consider N n as defined in the proof of Theorem 5.2. Now N 1 = x∈Z1 TA x e xx0 . For any 
Each N n is finitely generated. Hence as in Theorem 5.2, we get that N = N n for some n, hence N is finitely generated. This proves that M is a Noetherian left T-module if and only if R is Noetherian and L(x 0 ) satisfies strong acc.
Perfect rings
A partially ordered set X is said to locally satisfy strong dcc, if for any finite subset S of X, L(S) satisfies strong dcc. Throughout, R is an artinian, commutative local ring, X is a partially ordered set locally satisfying strong dcc, and T = I * (X,R). Let T = R + K * (X,R). Then T is a local ring. We will prove that T is right perfect. We will write K for K * (X,R). The dualization of the above result gives the following. Theorem 6.3. Let X be a partially ordered set such that for any finite nonempty subset Z of X, U(Z) satisfies strong acc, R is an artinian commutative ring, and T = I * (X,R). Then
Examples of rings that are right perfect but not left perfect are well known (one such example is the dual of example given in [2, Exercise 2, page 322]). By using the above theorem, we end this section by constructing a class of right perfect rings that are not left perfect.
Example 6.4. Let X be any partially ordered set that locally satisfies strong dcc, but has a finite, nonempty subset Z such that L(Z) is not finite. As L(Z) satisfies strong dcc, L(Z) has a subset V isomorphic to the set of natural number. Any infinite wellordered set not embeddable in the set of natural numbers is such a set X. Thus V is given by elements: x 1 < x 2 < ··· < x n < ··· . Let R be a local artinian ring, and T = R + K * (X,R). By Theorem 6.2, T is right perfect, however {e x1xi T } i≥2 is an infinite, nonterminating descending sequence of principal right ideals in T . Hence T is not left perfect.
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